We show that for each 0 < p < 1 the dual space of the Hardy and weighted Bergman space on the open unit hall is isomorphic to the Bloch space (with equivalent norms) under certain volume integral pairing.
Introduction.
We present a new approach to an old problem, namely, the problem of describing the continuous linear functionals on the Bergman and Hardy spaces with 0 < p < 1. We restrict our attention to the open unit ball in C n , even though our approach has the potential to generalize to bounded symmetric domains.
Let B n be the open unit ball in C n with boundary dB n . Let H(B n ) denote the space of all holomorphic functions in B n . For 0 < p < +oo and a > -1 we let
denoted the weighted Bergman space, where dv a (z) = C a (l-\z\ 2 
) a dv(z).
Here dv is volume measure on B n and C a a normalizing constant so that dv a has total mass 1. Coifman and Rochberg [2] also considered the duality problem for weighted Bergman spaces with small exponents. Their arguments were based on the theory of atomic decomposition for certain classes of holomorphic functions.
Our formulation of the duality and the method of approach are different from the ones mentioned above, the main difference being in the duality pairing. 
is isomorphic to 3S{B^) (with equivalent norms) under the duality pairing
It is likely that experts in this field could deduce the above results from those obtained in [5], [6], [7] , [10]. Nevertheless, we think a direct proof here is more natural and desirable.
The author thanks P. Duren, B. Korenblum, S. Krantz, D. Luecking, R. Rochberg, and J. Shapiro for their interest, criticism, and pointing out additional references after the first version of the paper was circulated.
A class of fractional derivatives and integrals.
In this section we introduce a certain type of radial fractional derivatives and integrals.
Recall that H(B n ) is the space of all holomorphic functions in B n . We equip H(B n ) with the topology of "uniform convergence on compact sets". Thus a linear operator T on H(B n ) is continuous if and only if Tf k -*-Tf uniformly on compact sets whenever fa -» / uniformly on compact sets. For / G H(B n ) and 0 < r < 1 we define f r in H(B n ) by f r (z)=f(rz). 
Proof. We first prove uniqueness. Given / in H{B n ) and 0 < r < 1 we can write
The above integral converges uniformly for z in any compact subset of B n . Thus properties (1) and (3) Also recall that for a > -1 the operator P a is given by
The proof of the next lemma is due to D. Luecking. is bounded on B n , then the function
for all g in H°°(B n ).
Proof That the function (1 - with \F(f)\ < C||^|| 00 ||/|| β> p for all / in !*(*", dv a ).
4.
Hardy spaces H p (B n ) with 0 < p < 1. In this section we describe the bounded linear functional on the Hardy space H p (B n ) with 0 < p < 1. The result and method are similar to those in the previous section.
THEOREM 6. Suppose 0 < p < 1 and a = n/p -(n + 1). Then with
Writing g as an integral, applying Fubini's theorem, and using the reproducing property of P a , we see that for all w in B n and 1 < k < n. Thus g is in £&(B n ) and the proof of Theorem 6 is completed.
Further remarks.
In order to generalize our results to bounded symmetric domains we need to answer the following questions:
(1) Does each weighted Bergman projection P a map L°°(Ω) onto the same space?
(2) If the answer to the above question is affirmative, then how to describe the space P a L°°(Ω) in terms of partial derivatives?
In the case of the polydisk we can settle the above questions satisfactorily. It is proved in [11] that each P a maps L°° of the polydisk onto the same space X, which consists of holomorphic functions / on the polydisk such that is bounded on the polydisk for each 0 < m < n and 1 < i\ < ~< im < n. Using this result it is then shown in [11] that the dual space of each weighted Bergman space and Hardy space with 0 < p < 1 on the polydisk is isomorphic to the above space X (with equivalent norms) under certain integral pairing over the polydisk. Note that the duality problem for both the weighted Bergman space and the Hardy space of the poly disk with 0 < p < 1 were also studied in [3] and [6] .
